The dark-matter candidates of particle physics invariably possess electromagnetic interactions, if only via quantum fluctuations. Taken en masse, dark matter can thus engender an index of refraction which deviates from its vacuum value. Its presence is signaled through frequency-dependent effects in the propagation and attenuation of light. We discuss theoretical constraints on the expansion of the index of refraction with frequency, the physical interpretation of the terms, and the particular observations needed to isolate its coefficients. This, with the advent of new opportunities to view gamma-ray bursts at cosmological distance scales, gives us a new probe of dark matter and a new possibility for its direct detection. As a first application we use the time delay determined from radio afterglow observations of distant gamma-ray bursts to realize a direct limit on the electric-charge-to-mass ratio of dark matter of |ε|/M < 1 × 10 −5 eV −1 at 95% CL.
expand the forward Compton amplitude in powers of ω and give a physical interpretation to the coefficients of the first few terms as ω → 0 [11] [12] [13] . In particular, the term in O(ω 0 ) is controlled by the dark matter particles' charge and mass, weighted by preponderance, irrespective of all other considerations save our assumption of Lorentz invariance [14] .
The relationship between the index of refraction n(ω) and the forward scattering amplitude f ω (0) for light of angular frequency ω is well-known [15, 16] , where we relate f ω (0) to the matrix element M of quantum field theory to connect to particle physics models of dark matter. Using standard conventions [17] , we determine n(ω) = 1 + (ρ/4M 2 ω 2 )M r (k, p → k, p) , in the matter rest frame [15] , so that p = (M, 0) and k = (ω, ωn) with ρ the mass density of the scatterers and M the particle mass. In our analysis we assume M ≫ T (z), where T (z) is the temperature of the dark matter at the red shift of the observed gamma-ray burst.
Since T (z) should be a factor of some ((1 + z)/(1 + z prod ))
1−2 smaller than T (z prod ) at the moment of its production or decoupling, our limits are not restricted to cold dark matter exclusively. Moreover, even in the latter case, the candidate mass can be as light, e.g., as light as M ∼ 6 × 10 −6 eV in the axion model with Bose-Einstein condensation of Ref. [18] . Under the assumptions of causality or, more strictly, of Lorentz invariance, as well as of chargeconjugation, parity, and time-reversal symmetry in the photon-dark-matter interaction, we have [11, 13] M r (k, p → k, p) = f 1 (ω)ǫ ′ * · ǫ + if 2 (ω)S · ǫ ′ * × ǫ, where S is the spin operator associated with the dark-matter particle and ǫ (ǫ ′ ) is the polarization vector associated with the photon in its initial (final) state. The functions f 1 (ω) and f 2 (ω) are fixed in terms of the dark-matter electric charge and magnetic moment, respectively, as ω → 0 [14, 19, 20] without further assumption -it does not even matter if the dark-matter particle is composite. The amplitude M r (k, p → k, p) is implicitly a 2 × 2 matrix in the photon polarization, and its diagonal matrix elements describe dispersion in propagation and attenuation [16] . The f 2 (ω) term describes changes in polarization with propagation, so that we need not consider it further. Under analyticity and unitarity, expanding f 1 (ω) for ω ≪ ω th yields a series in positive powers of ω 2 for which the coefficient of every term of O(ω 2 ) and higher is positive definite [11, 12] . Thus a term in n(ω) which is linear in ω, discussed as a signature of Lorentz violation [9, 21] , does not appear if ω < ω th and the medium is unpolarized. We parametrize the forward Compton amplitude as M r = j=0 A 2j ω 2j , where A 0 = −2ε 2 e 2 [14, 17] and the dark-matter millicharge is εe. The terms in O(ω 2 ) and higher are associated with the polarizabilities of the dark-matter candidate.
Dispersive effects in light propagation are controlled by the group velocity v g , so that the light emitted from a source a distance l away has an arrival time of t(ω) = l/v g . For very distant sources we must also take the cosmological expansion into account [22] , so that as we look back to a light source at redshift z, we note that the dark-matter density accrues a scale factor of (1 + z) 3 , whereas the photon energy is blue shifted by a factor of 1 + z relative to its present-day value ω 0 [22] . Thus the light arrival time t(ω 0 , z) is
with the Hubble rate H(z
We employ the cosmological parameters determined through the combined analysis of WMAP five-year data in the ΛCDM model with distance measurements from Type Ia supernovae (SN) and with baryon acoustic oscillation information from the distribution of galaxies [3] . Thus the Hubble constant today is H 0 = 70.5 ± 1.3 km s −1 Mpc −1 , whereas the fraction of the energy density in matter relative to the critical density today is Ω M = 0.274 ± 0.015 and the corresponding fraction of the energy density in the cosmological constant Λ is Ω Λ = 0.726 ± 0.015 [3] .
We find that the time delay is characterized by powers of ω 2 and unknown coefficients A 2j . Different strategies must be employed to determine them. The A 2 term incurs no frequencydependent shift in the speed of light, so that to infer its presence one needs a distance measure independent of z, much as in the manner one infers a nonzero cosmological constant from Type Ia supernovae data. Interestingly, as A 2 > 0 it has the same phenomenological effect as a nonzero cosmological constant; the longer arrival time leads to an inferred larger distance scale. Cosmologically, though, its effect is very different as it scales with the dark-matter density; it acts as grey dust. The remaining terms can be constrained by comparing arrival times for differing observed ω 0 .
The determination of A 0 and A 4 require the analysis of the GRB light curves at extremely low and high energies, respectively, and probe disjoint dark-matter models. As a first application of our method, we use radio afterglow data to determine A 0 and thus to yield a direct limit on the electric-charge to mass of dark matter. This quantity gives insight into the mechanism of dark matter stability. If dark matter possesses an internal symmetry, e.g., it cannot decay to lighter particles and conserve its hidden charge. Such dynamics can also conspire to give dark matter a slight electric charge [23] [24] [25] , which, no matter how small, reveals the existence of its hidden interactions and the reason for its stability.
To determine A 0 we consider GRBs with known redshift in which a radio afterglow is also detected. We collect the data and describe the criteria used in its selection in the supplementary material [26] . The time lag between the initial detection of the GRB at some energy and the detection of the radio afterglow is τ = t(ω 
)
2 , are negligible; we let ω ≡ ω low 0 . In order to assess reliable limits on A 0 we must separate propagation effects from intrinsic source effects. Statistically, we expect time delays intrinsic to the source to be independent of z, and the time delay from propagation to depend on z and ω in a definite way. Such notions have been previously employed in searches for Lorentz invariance violation [21] . We separate propagation and emission effects, respectively, via
where
depends on the cosmological past through the Hubble rate H(z) and δ((1 + z)ν) allows for a frequency-dependent time lag for emission from the GRB in the GRB rest frame. The frequency ν ≡ ω/2π, and A 0 contains the millicharge-to-mass ratio ε/M, i.e., 4π
GeV/cm 3 [3] and α the fine-structure constant. To provide a context, we first consider the value of |ε|/M which would result were we to attribute the time lag associated with the radio afterglow of one GRB to a propagation effect. Choosing the GRB with the largest value of K(z)/ν 2 , we have a time lag of 2.700 ± 0.006 day associated with GRB 980703A at z = 0.967 ± 0.001 measured at a frequency of 1.43 GHz. With Eq. (2), setting δ = 0, and noting that K(z)/ν 2 = 1170 ± 10 Mpc GHz −2 if the errors in its inputs are uncorrelated, the measured time lag fixes |ε|/M ≃ 9 × 10 −6 eV −1 . Since there are no known examples of a radio afterglow preceding a GRB, this single time lag in itself represents a conservative limit. Turning to our data sample of 53 GRBs, we plot the measured time lag versus K(z)/ν 2 in Fig. 1 and make a least-squares fit of Eq. (2) to determine A 0 and δ((1 + z)ν). We require A 0 > 0 as demanded by our model. Fitting to the points with frequencies of 4.0 − 75 GHz in the GRB rest frame, we determine |ε|/M < 1 × 10 −5 eV −1 at 95% CL, which is comparable to our limit derived from a single observation of GRB 980703A. The dependence of our fit results on the selected frequency window, as well as the stability of our fits to the significance of the radio afterglow observation, to evolution effects in z , and to the more poorly determined red shifts and radio afterglows is discussed in the supplementary information [26] .
We have found a direct observational limit on the dark-matter electric-charge-to-mass ratio. Our study probes for a charge imbalance averaged over cosmological distance scales, without regard to its sign, at distance scales shorter than the wavelengths of the radio observations in our data set. Our bound rules out the possibility of charged "Q-balls" [25, 27] of less than 100 keV in mass as dark-matter candidates. Our limit holds regardless of the manner in which the dark matter is produced, though we can compare it to limits arising from the nonobservation of the effects of millicharged particle production. For example, for M ∼ 0.05 eV, they are crudely comparable to the strongest bound from laboratory experiments [28, 29] , for |ε| < 3 − 4 × 10 −7 for M 0.05 eV [29] . In comparison the modelindependent bound arising from induced distortions in the cosmic microwave background (CMB) radiation is |ε| ≤ 10 −7 for M < 0.1 eV, though model-dependent constraints reach |ε| ≤ 10 −9 for M < 2 × 10 −4 eV [30] . Cosmological limits also arise from observations of the Sunyaev-Zeldovich effect for which, e.g., |ε| ≤ 3 × 10 −7 for M ∼ 10 −6 eV [31] . For these light masses our limit is stronger, which shows that millicharged particles of such mass and charge are not the primary constituents of dark matter. Limits also arise from stellar evolution and big-bang nucleosynthesis constraints, for which the strongest is |ε| < 2 × 10 −14
for M < 5 keV [28] , as well as from the manner in which numerical simulations of galactic structure confront observations [32] [33] [34] . We offer a visual summary of this discussion in Fig. 2 . Indirect limits can be evaded: for example, in some models, the dynamics which gives rise to millicharged matter are not operative at stellar temperatures [29, 35] ; other models evade the galactic structure constraints [25, 27] .
Our limit also significantly restricts the phase space of models with hyperweak gauge interactions and millicharged particles which can arise in string theory scenarios [31, 36] as viable dark-matter candidates. We estimate that our limit can be improved considerably before the dispersive effects from ordinary charged matter become appreciable [37] . The largest such contribution to A 0 should come from free electrons. We estimate the cosmological free electron energy density ρ e to be no larger than
, where Ω b is the fraction of the energy density in baryons with respect to the critical density today and M e and M p are the electron and proton mass, respectively. Replacing ρ 0 with ρ e and ε/M with 1/M e in A 0 we find that our limit would have to improve by O(2×10 −3 ) before the contribution from free electrons could be apparent. We set our limit of |ε|/M < 1 × 10
from existing radio observations at no less than 4 GHz in the GRB rest frame, so that our limit is certainly operative if ω th /2π > 4 GHz, or crudely, if M > 8 × 10 −6 eV. Studies of the polarizability in QED [38] , for which ω th = 0, also reveal the analytic structure in ω we have assumed for the forward Compton amplitude. Thus we believe our limit to be of broader validity, so that the lower limit on the mass can be less than 8 × 10 −6 eV, though it is model dependent and set by the Lee-Weinberg constraint [39] , much as the minimum mass of ∼ 6 × 10 −6 eV is determined in the axion model of Ref. [18] . Forward scattering is coherent irrespective of whether the photon wavelength is large compared to the interparticle spacing, so that we expect our results to persist in the dilute particle limit as well, as supported by laboratory studies [40] . One further comment: at a frequency of 4 GHz our limit implies that we probe the average net charge of dark matter, with no constraint on its sign, at length scales of no longer than 8 cm. Our limits can be significantly bettered through GRB radio afterglow studies at longer wavelengths.
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sources stemming from millicharged particle production. Our limit derives from observations of GRBs and their radio afterglows and is marked "GRB" (solid, black), so that the region above that line is excluded. The condition ω < ω th , as discussed in text, sets the lower endpoint of the solid line. Since Eq. (2) persists in QED, for which ω th = 0, we expect our limit to persist for lighter, cold dark matter as well, as indicated by the dashed line. The strongest laboratory limits, which are for fermions, are marked "Pol" (solid, blue) [29] , and the strongest limits from induced distortions in the CMB, which are also for fermions, are marked "CMB" (long-dashed, maroon) -the upper curve is the model-independent limit, whereas the lower curve is the model-dependent (md) limit [30] . Constraints on |ε| emerge from limits on novel energy-loss mechanisms in stars and supernovae; such limits also fail to act if |ε| is too large. The limit from plasmon decay in red-giants is marked by "RG" (short-dashed, red) [28] , the same limit in white dwarfs is marked by "WD" (dot-dot-dashed, indigo) [28] , and the limit from SN 1987A is marked by "SN" (dot-dashed, orange) [28] . The RG limit acts if |ε| 10 −8 [28] . We have also reported the limit from big-bang nucleosynthesis, marked by "BBN" (dotted, green), from Ref. [28] as well.
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Supplementary Information
I. GAMMA-RAY BURST DATA
From the publicly available data, we consider the gamma-ray bursts (GRB) with known redshifts and detected radio afterglows through March, 2009. Tables 1-4 collect the GRBs with these properties which satisfy certain criteria. We demand that the energy of the initially detected gamma-ray burst in its rest frame be compatible with the energy range of the Fermi Gamma-Burst Monitor. This excludes the X-ray flashes GRB 080109A and GRB 020903A. To determine whether an observation of the radio flux is indeed a detected radio afterglow, we demand that the radio flux detection be within the error box of the location of the observed GRB, that it not be a site of previously observed radio activity, and that it be significantly non-zero. We use the criterion employed by Ref. [55] and thus require that the radio observation be nonzero by three standard deviations or more to be termed a detection. Such considerations exclude GRB 030277A, GRB 980425A, and GRB 011130A. Consequently, we find 53 GRBs to consider, for which we report all detected radio frequencies of 75 GHz or less. We report the time of the initial detection of the GRB and the time of the detection of a particular observation frequency ν in the associated radio afterglow (RA). We calculate the time lag between the detection of a particular radio frequency and the initial detection of the GRB from these quantities. Remarks concerning the collected data are in order. A redshift marked with an asterisk * means that no certainty has been reported in the work which determines it. In those cases, we assume the uncertainty in the redshift to be plus or minus one unit in the last significant figure reported. The redshift we report for GRB 021004A is the average of those reported in Refs. [145, 146] . For the redshifts marked with a circle • , the associated publication states that the reported redshift is either a lower limit or the "likely" value. In the particular case of GRB 970508A, work in refinement of the upper bound on the red shift has been reported in Ref. [204] . For the frequency marked with a double dagger ‡ , observations were made in the frequency range from 14.5 GHz to 17.5 GHz. We also note which radio detections have lesser significance, so that detections with a significance between 3σ and 4σ are marked with a sharp ♯ , whereas detections with a significance between 4σ and 5σ are marked with a flat ♭ . For time lags marked with a dagger † , we assume the uncertainty in the time lag to be plus or minus one unit in the last significant figure of the reported detection time of a particular radio frequency. If a radio frequency detection reports an observation time interval, the time lag is calculated from the midpoint of the time interval, and we take one half of the observation time as the uncertainty in the time lag. The RA time reported in these cases is that of the midpoint of the observation time.
To realize the limits reported in the main body of our paper, we fit to Eq. (2) of that source. We find that large statistical scale factors must be employed to realize good fits to the data. This may stem, in part, from the circumburst environment, and, more generally, from time delay effects which arise from neither source effects nor propagation effects across the expanse of space. The nature of the circumburst environment of GRB 050904A is discussed in Ref. [111] . To study how our limits rely on the details of our data set, we compare fits with frequency in the source rest frame. We also study how the fits change with the significance of the included radio observations, with omitting radio observations with reported integration times, and with omitting more poorly determined red shifts. We also try to study source evolution effects with z. As to the frequency dependence, differences do emerge if we include points at the observed frequency of 1.43 GHz. This portion of the data set admits time delays in the GRB rest frame of a month and more, and larger scale factors are required to yield fits of comparable quality. Fitting data satisfying (1 + z)ν > 4.0 GHz, for which with a scale factor of 450 applied to the error in τ /(1 + z) we find χ 2 /ndf = 1.13 withÃ 0 = 0.0010 ± 0.002 day Ghz 2 Mpc −1 and δ((1 + z)ν) = 0.65 ± 0.10 day, orÃ 0 < 0.005 day Ghz 2 Mpc −1 at 95% CL. Were we to fit all the data points we would require a scale factor of 685 to yield a fit of χ 2 /ndf = 1.13 from which we would findÃ 0 < 0.007 day Ghz 2 Mpc −1 at 95% CL. We thus restrict our discussion henceforth to the portion of the data set which satisfies (1 + z)ν > 4.0 GHz. If we now restrict our fit to points in which the significance of the radio observation is 5σ or more, then our limit on the slope is stillÃ 0 < 0.005 day Ghz 2 Mpc −1 at 95% CL, though we must increase the scale factor to 512 to recover a fit of comparable quality. Some of the RA measurements have reported integration times and hence determinable uncertainties, whereas others do not. Repeating the fits without the points with reported integration times yields no significant difference in the fit, though we must increase the scale factor to 467 to yield a fit of comparable quality. This may well follow as the dropped points do have larger errors and hence play a lesser role in the original fit. If we now return to our original data set and omit those points for which the determined redshift is a lower limit or merely "likely," the limits do weaken. For example, with a scale factor of 419, we find χ 2 /ndf = 1.13 with A 0 = 0.0053 ± 0.0048 day Ghz 2 Mpc −1 and δ((1 + z)ν) = 0.41 ± 0.21, so that the limit on the slope at 95% CL is roughly a factor of 3 worse. This can be rationalized as these poorly known redshifts possess large z. Finally, to study the effects of cosmological evolution on the GRBs, we repeat our fit with z > 1 and find similar results. That is, for a scale factor of 539 we determine χ 2 /ndf = 1.14 withÃ 0 = 0.0017 ± 0.0023 day Ghz 2 Mpc −1 and δ((1 + z)ν) = 0.58 ± 0.12, to yieldÃ 0 < 0.006 day Ghz 2 Mpc −1 at 95% CL. Thus the effects of cosmological evolution appear to be small. [193] 09:46:56.1 [194] Jan 24.65 [195] , [196] 8.46 1.24 ± 0.01 † 980703A 0.967 ± 0.001 * [197] 04:22:45 [198] Jul 04.40 [199] 
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